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Abstract

We show an expectation version of the First Theorem in the rough
path theory [1].

Theorem 1 Let Xs(?:) be a multiplicative functional in T (for each path)
whose expectation is controlled by a control function w(s,t) as follows:
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for some 8 > 1 and p such that [p] = n. Then, there exists a multiplicative

(?) to T for m > n that satisfies the following estimates,

extension X
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for constants C(i,p), and this extension is unique almost surely.

Proof. First we show the existence by induction. Fix m > [p]. We suppose
that a multiplicative functional
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for all u < v and i < m.

We want to construct a multiplicative functional X S(ZLH
estimates.

Consider

) satisfying the same

Xoo = (L XL, ..., x(7,0).
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Note that )Z'S’t is in T(m‘H)7 but it is not multiplicative. Fix a dissection D =
{s <t; <---<t;—1 <t} of [s,¢] and define

Xsl:,)t = XS,M ® Xt1,t2 & ® Xti—ht’
using the multiplication in 70"+, We will show the existence of the limit as
the mesh of D goes to 0. If it exists, we can show the multiplicative property
by taking the limit of the relation:
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Our task is to study the last term ()Z'gt)(m+1), since the term ()Z'S{Dt)z =X,
is multiplicative for all 1 < m. We want to show
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Consider another dissection D’. Then we have the triangle inequality (Note
that p/(m +1) < 1):
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By Lemma 2.2.1, we can choose j such that
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for the dissection D = {s =ty < t; <--- <t, =t}. Now let D' = D\{¢;} with

this point ¢; chosen above carefully.
By algebraic computations with the multiplicative property, we have
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Therefore,
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by Holder’s inequality and our assumption.
Note that
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and take ¢,,4+1 such that
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Recall that we chose t; carefully. Successively dropping points, we have that

et {Hi (rily}w(s’”a

< 0(0) Cm+1 w(s, t)ea

IN

E [H(f XD’ (m+1)Hp/ m+1)]

where C(0) is a finite constant, which is independent on the choice of the dis-
section D. Then we have got our basic estimate, which assure that XD is a
Cauchy sequence as mesh(D) goes to 0. In fact, we can follow the argument in
the original ”First Theorem” as follows.

Consider two dissection D and D’ such that mesh(D) < § and mesh(D’) < 4.
We can take a common refinement D of D and D’. Fix some interval [t;,t;1] €
D. Then, D breaks the interval into t; <sj < - <55 =141, say bj. Now
we know that
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which is independent on D. Then it converges uniformly to 0 as mesh(D) — 0.
Therefore, the triangle inequality
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shows that we have established the Cauchy sequence.
Only difference between the original estimate and ours is that our limit is in
the sense of

E [H)?D g

p/(m+1)
— 0 as mesh(D) and mesh (D’) go to 0.

But, since p/(m + 1) < 1 and so we have the triangle inequality, we can mimic
the usual argument for completeness of «-th integrable function space. In this
sense of the limit, we have also

lim X P58 = lim(X Pl @ XPolutly = (lim X Py @ (lim X Pt
which shows the limit is multiplicative.

Let us show the uniqueness of the extension. More precisely, we must show
that any two multiplicative functional X, and Yy agree almost surely, if they
agree up to m-th degree (i.e., X!, = Y, i < m) and if their expectations satisfy
our condition in our theorem.

Set ¥y = X7 — V. By Lemma 2.2.3, we know that W, is additive:

Wi+ V=V
Now we have that
B [[[%or — Wou| /D] = B [ @t |/ < ew(s, 1),
for a constant ¢ and 6 > 1. Note that
w(s,t) <w(0,t) —w(0,s),
and that w is an increasing function. So we can apply time change to have
B [[[Wo — Wou /"] < et/ - )

in this time scale. The key is that any time change does not change the varia-
tional norm.
Now, by the dyadic argument in Hambly-Lyons ([2]), we have
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with the triangle inequality (p/(m + 1) < 1). Taking the expectation,
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Therefore, we have almost surely

||\Ilovt ||p/(m+1)—var < 00,

on [0,1]. We conclude that ¥y, =0, so X =Y almost surely. m
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